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S T R I A T I O N S )  IN A N O N E Q U I L I B R I U M  M A G N E T I Z E D  P L A S M A  

V.  M. Z u b t s o v ,  O.  A .  S i n k e v i c h ,  
a n d  V.  T .  C h u k l o v a  

UDC 533.951 

In this paper ,  quantitative computations of the nonl inear  solution of the problem of ionization instability 
development  in a bounded domain [1], pe r fo rmed  by the Lyapunov-Schmid t  method [2], a re  presented .  The 
amplitude of the se l f -osc i l la t ions  is computed, the domains of the hard  and soft modes of the loss of stabil i ty 
are isolated, a distr ibution of the e lec t ron  densi ty and e l ec t r i ca l  cu r ren t  over  the channel section is constructed 
for  the soft  mode of the loss of s tabil i ty - nonlinear  magnetic  s t r ia t ions .  The topology of  the s t r ia t ions in the 
pos t - c r i t i c a l  domain is d iscussed.  It is shown that the maximum of the s teady-s ta te  wave amplitudes does not 
cor respond  to that wave which f i r s t  lost  stabil i ty.  The resu l t s  obtained are  used for a qualitative analysis of 
exper imenta l  resu l t s  with a nonequil ibrium magnetized p lasma in a magnetic field (the exis tence  of osc i l l a -  
t ions at smal l  wavelengths in a full ionization mode of the admixture) .  

~1. Let  us examine the behavior  of a nonequil ibr ium magnetized plasma in a domain bounded by two non- 
conducting walls x =0 and x =b, which are  infinite in the y direct ion.  The magnetic field induction vec tor  is 
d i rec ted  along the z axis. Le t  us assume the p a r a m e t e r s  of heavy par t ic les  (atoms and ions) to be independent 
of the coordinates  and t ime,  while the ionization equi l ibr ium build-up t ime is considerably  less  than the char -  
ac te r i s t i c  t ime of the problem.  We consider  the Reynolds magnetic number  smal l  and we neglect  the effects  
of radiat ion.  Taking account of these assumptions ,  the sys tem of equations descr ib ing the state of the medium 
reduces  to a d imensionless  sys tem of n par t ia l  d i f ferent ia l  equations in the potential  r and the e lec t ron  con- 
cent-ration O n [1]. The sys t em is solved by the method of  a s e r i e s  expansion in the smal l  superc r i t i ca l i ty  
p a r a m e t e r  e = (~-42")/$2 -1. In a zero  approximation (n =0) the sys tem has the fo rm 

L~162 -~ n~20 o = O, L~ ~ n~ = 0 (1.1) 

with the boundary conditions (see [3]) 

r Y) = ~Po(t, Y) = 0, 0o(0, Y) = @~(t, Y) = 0, (1.2) 
d 2 o where  Let ~ -- ],'~; LYe d 

L~ = 2 d ;  L~ --  AL~ § ft; r =  y-:- Wot; 

A is a smal l  p a r a m e t e r ;  f l -  is the c r i t i ca l  Hall  p a r a m e t e r ;  k is the wave vec tor ;  and a 1 and fl are  constant 
fac tors  [1, 4]. 

The solution of  (1.1) with the boundary conditions (1.2) can be represen ted  in the fo rm 

Irkutsk. /  Moscow. Trans la ted  f rom Zhurnal  Prikladnol  Mekhaniki i Tekhnicheskoi Fiziki ,  No. 3, pp. 22- 
30, May-June,  1978. Original  a r t ic le  submitted Apri l  28, 1977. 
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r eihyy -~kyY] 

--ihyY 1 
eo(X Y) = ~. [0 (x) e ~k? O* (x) e J, 

(1.3) 

where ~ is the unknown amplitude of the se l f -osci l la t ions  whose magnitude is found f rom subsequent approxi-  
mat ions,  and the supe r sc r ip t  a s t e r i sk  denotes the complex-conjugate  quantity. 

Maps of the level  l ines of the functions @0(x, Y) and(%(x, Y) are p resen ted  in Figs.  1 and 2. It must be 
noted that  the level  l ines of the function ~0(x, Y) are  s t reaml ines  of the dis turbed state which is superposed on 
the fundamental background (homogeneous and s ta t ionary  solution); hence,  the cu r ren t  di rect ion is indicated 
by an a r row in Fig. 1. 

A simple formula  to compute the neutra l  curve ~2-(ky) : Im(W 0) =0 and Re(W 0) =U, which cor responds  to 
s t r ia t ion  motion at a veloci ty  calculated in [5], where the agreement  between this veloci ty  and that obtained in 
exper iments  is mentioned, is found successful ly  f rom the zero  approximation.  

Substituting the r ea l  (or imaginary) pa r t  of (1.3) into (1.1), we obtain a homogeneous sys tem of equations 
in the amplitudes,  whose condition for  nontr ivia l  compatibil i ty 

Ak~ & (2Ak~ = ft -- 2at) k~ + 2.Q':kflq~ -::- A~ (Ak~ -- .ft) = 0 (1.4) 

has four roots  kxj, since the genera l  solution of (1.1) contains four a rb i t r a ry  constants.  Substituting this 
solution into the boundary conditions, we obtain a homogeneous sys tem of equations to de te rmine  the a rb i t r a ry  
constants ,  whose nontr ivia l  compatibi l i ty  condition has the fo rm 

Here  

i 
t i t i 

e ih x t eihx2 e ih x3 eit:x~ 

~ l e  ihxl z2elhx2 Zaelhx3 • 

(1 .5 )  

2~1% (1.6) 

and (1.5) is for  determinat ion of the c r i t i ca l  Hall p a r a m e t e r  ~ - .  

Let  us investigate the nature  of the roots  of (1.4) by using the Sturm theorem [6] and considering all the 
coefficients  of (1.4) posi t ive.  Calculations of the quantit ies al and fi for  inert  gases with an easi ly  ionized 
admixture show that for  a sufficiently high separat ion of the t empera tu re s  this assumption is always valid. 
The Sturm sys tem for  the polynomial  v(k x) in the left  side of (1.4) has the fo rm 

x o = gok'~ ,'-- g21e~ -:- g3~'x - -  g~, (1.7) 

"q = 4gok~ --  2g.,.k':~. :- g~, 

i . o  3 . 

where go =A; g2 =2/x k~ *fl  + 2al; g3 =2 ~2- ky; g4=k~ (Ak~ =fl); hi =2g2- 8g0gJg2 -~ 9g0g2yZgl; and h 3 =g3 * 12g0g3g4/gl. 

It can be shown that h i > 0. An analysis of the coefficients of the higher  t e r m s  in the Sturm sys tem (1.7) 
resu l t s  in the deduction that the p resence  of rea l  roots  of  (1.4) is governed by the s ign of r 4. The equation 

( ~ 3 ,he 
T4 = g2 . . . .  )--" -'- g4 = 0 (1.8) 4 ~,3) hi  : 

defines a cer ta in  curve ~0-(ky). For  fl-< ~0-, Eq. (1.4) has no rea l  roots ,  while for  P.- > ~ o  it has two rea l  and 
two complex roots .  

Let  us examine the c a s e ~ - > ~ .  Using the Viette formulas ,  the roots of (1.4) can be represen ted  in the 
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for ln;  
. . . . . . .  kxx = - - c  - -  i r ,  kx~_ = - - c  - ~  ir, kx3 = c -}- ~l, kxr  = c - - q ,  (1.9) 

where  c, r ,  and q a re  r e a l  and posi t ive .  The equal i t ies  

• = --x.~, ~ = • (I. i0) 

are satisfied for complex roots.  The real  and imaginary parts  of the appropriate quai~tities are denoted by the 
subscripts r and i in (I.I0). 

Equation (1.5) can be written in the form 

(zx• @ •215 ~(h~3+~xO @ e iC~x'+~'~-~) -- e ~(~x-~+~'~) -- e ~(~'+~'~) ] @ 

, , zs• [e '0"~2+hx') @ e '(~x~+~x~) e~(hx2+~x~) _ e'(~xt+~x~) ] _ 
-i- (~1~2 "7" - " 

~orm 

(1.11) 

Using (1.9) and (1.10), it can be shown that the left  side of  (1.11) is pure ly  imag ina ry  and (1.11) has  the 

X (e ~ - -  e -r) sinq - -  Zzr (zu --  z~) �9 (e ~ + e -r) cosq = 0. 

(1.12) 

is a solution of  (1.12) because  two r ea l  roots  of  (1.4) hence agree;  t he re fo re ,  q = 0 and rt4i= ~3i. This  means  
that  for  any ky the re  ex i s t s  an infinite se t  of solut ions with di f ferent  growth inc rements ,  where  the inc rement  
equals  ze ro  for  ~0=~2m - fo r  the m - t h  solution and is g r e a t e r  than ze ro  for  ~0>~2m - .  

Le t  us cons ider  the case  ~2- < 90-.  The roo t s  of  (1.4) can hence be r e p r e s e n t e d  in the f o r m  

k x l  - - c  - -  ir, kx2 - - c  " ir, k~s = C -~ i t  t ,  " = = ~x4 c -  i~, (I.13) 

where c, r ,  and /~ a re  r ea l  and posi t ive .  Analogously to (1.10), the following equal i t ies  a re  sat isf ied:  

• = --• • = --z3r, • = • z4i = • (1.14) 

Using (1.12) and (1.14), i t c a u  be shown that  the lef t  side of (1.11) is real :  

8• cos(2c) + (z~ ' " ' ~ ' �9 - -  -r• -= zfft --2z1~ • (e ~ - -  e -r) (e~ --e-~) n- 2zlr • ( e~ ~ e-r) ( e't --  e-u) =0.  (1.15) 

Computat ions show that  (1.15) has  no solution in the range  f l -<f l0- .  

An invest igat ion of the solution whoso growth inc remen t  van i shes  for  ~2- =f~0- r e su l t s  in the deduction 
that  i t  should be d i scarded ,  s ince two roots  of  (1.14) hence agree .  

The re fo re ,  the neu t ra l  curve  sepa ra t ing  the s tabi l i ty  f r o m  the instabi l i ty  domain is f l l -(ky).  

Resul ts  of  computing the neu t ra l  cu rves  of  the f i r s t  mode f~l-, the second 92- , the th i rd  ~2s- , and the de-  
pendence f~0-(ky) a r e  p re sen ted  in Fig.  3. Also p re sen t ed  the re  for  compar i son  i s  the ne tu ra l  cu rve  of the 
f i r s t  mode (m= 1) computed by means  of  the approx ima te  fo rmula  [1] 

(fl~-~)~ ky~ (2Ak~wfl~ @2cq) (Akff~ @ ix) = (rim) ~ (2Ak~ -~-/1 ~ 2ax)',~ (1.16) 

X 

y 

F o r  any value of ky, Eq. (1.12) has  an infinite number  of solutions: ~20-(ky) <~t - (ky)  <~2~-(ky) <...(~20-(ky) 

Fig.  1 
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which can be  obtained f r o m  (1.12) by using the  fact  about the  p r e s e n c e  of a sma l l  p a r a m e t e r  ~ .  Computat ions 
a r e  c a r r i e d  out for  an Ar  +2 .3 .10  -~ Cs p l a s m a  (the p r e s s u r e  p-- 1 k g / c m  2, T a = 1500*K, T e = 3200"K, and A = 
0 .5 .10-1) .  The coeff icients  a 1 and fl were  computed by using the expe r imen ta l  dependences p re sen t ed  in [7]. 
Compar ing  the neu t ra l  cu rves  computed by using (1.12) and (1.16) shows that  the d i s c r epancy  can be s ignif i -  
cant.  

}2. To solve the nonl inear  p r o b l e m  it is n e c e s s a r y  to find the next approximat ions  n>--1. Values of ~1 
and (~I a r e  sought f r o m  the approximat ion  n = 1 by the method elucidated in [1]. Quali tat ive sketches  of  the 
level  l ines of the functions @= s ~ ~2~land ~ = 1  * s247 ~'~| (~ is the supe rc r i t i ca l i t y  p a r a m e t e r ;  s  ~_ ~p) ,  
obtained on the bas i s  of  computat ions  of ~0, | ~l, O1, are  p re sen ted  in Figs.  4 and 5. The computed domain 
of e levated  e l ec t ron  concentra t ion (Fig. 5) has  the s ame  shape as the luminesc ing  d i scha rge  domain in the ex-  
p e r i m e n t s  [8, 9] cor responding  to the assumpt ions  made in this paper .  Attention should be turned to the p r e s -  
ence of c losed d is turbed s t r e a m l i n e s  with a c h a r a c t e r i s t i c  d imension equal  to half  the channel width b (Fig. 4). 

The ampli tude of the se l f -osc i l l a t ions  ~2 can be computed in the next s tep (n = 2). An approx imate  formula  
is p resen ted  for  ~2 in [1]. An exact  f o rm u l a  for  ~ 2  which has a quite awkward form,  is obtained on the bas i s  
of  the method desc r ibed  in [1]. Compar ing  the r e su l t s  of  computing ~2 by the exact  and approx imate  fo rmulas  
showed that  the approximate  fo rmula  t ru ly  desc r ibe s  the behavior  of  the se l f -osc i l l a t ion  ampli tude qual i ta t ively  
for  k ---1.5. However ,  to cons t ruc t  the se l f -osc i l l a t ing  mode it turns  out to be n e c e s s a r y  to study the behav ior  
of ~ due to k for  la rge  wavelengths (smal l  k). As computat ions showed, in the range  of k values  f r o m  ze ro  to 
~1.5  c~ 2 > 0, the ampli tude changes sign with the i nc rea se  in k. It is impor tant  to de te rmine  the m a x i m u m  
pos i t ive  value,  s ince the d e c r e m e n t  of  the nonl inear  osci l la t ion vanishes  at this value.  Computat ions of  the 
se l f -osc i l l a t ion  ampli tude p e r m i t s  ex t rac t ion  of domains  of  soft  and hard  modes of loss  of s tabi l i ty .  An inves t i -  
gation of the nature  of the loss  of s tabi l i ty  is impor tan t  for  c la r i f ica t ion  of the subsequent  p l a s m a  behavior .  

According  to the exact  fo rmula  for  ~2 (which is awkward and is consequently not p resen ted  here) ,  compu-  
ta t ions  for  the se l f -osc i l l a t ing  mode were  p e r f o r m e d  for  an argon p l a s m a  with an eas i ly  ionized c o m p o n e n t -  
ce s ium - as admixture .  Computat ions were  c a r r i e d  out in the 2000-6000~ e l ec t ron  t e m p e r a t u r e  range fo r  
f rac t iona l  values  of the admix ture  between 10 -2 and 10 -5. The r e su l t s  of computat ions  a re  shown in Fig.  6. 

For  a 2 > 0 a  sof t  mode of loss  of s tabi l i ty  holds,  and for  ot 2 <0 a hard  mode holds.  The point k ~ c o r r e -  
sponds to ~2 =0, i.e.,  the pas sage  f r o m  the soft  to the hard  mode of the loss  of s tabi l i ty .  

Curves  1 and 3 in Fig.  6 a re  computed for  T=3000~ and/~ =10 -~, but for  d i f ferent  f rac t ions  of the Cs 
admixture:  1) 5 =10-5; 37 5--10 -2. It is seen  f r o m  a compar i son  of the dependences ~2(k) for  different  f rac t ions  
of the admixture  that a diminution in 5 shif ts  the point k ~- into the domain of sho r t e r  wavelengths (large k), the 
m a x i m u m  ampli tude hence inc reas ing  substant ia l ly .  

Curves  4 and 1 in Fig. 6 have been computed for 5 =10 -5 and h = 1 0  -3, but for  different  t e m p e r a t u r e s :  
4) 2000"K; 1) 3000"K. Compar ing  curves  4 and ] shows that a r i s e  in t e m p e r a t u r e  influences the behavior  of 
the dependence a~(k) substant ia l ly:  the m a x i m u m  ampli tude grows and the t rans i t ion  point (k*, . ~ )  shif ts  into 

the domain of la rge  k. 

Le t  us compare  curves  2 and 3 computed for  T=3000*K and 5= 10 -2, but for  d i f ferent  A : 2) ~ ~10 -2, 37 
A =10 -3 . It is seen  f r o m  the computat ions  that  a change in the t h e r m a l  conductivity (a sma l l  p a r a m e t e r )  in the 
band mentioned will influence the pe r tu rba t ion  ampli tude sl ightly.  

A diminution in the f rac t ion  of the admixture  or  a r i s e  in the t e m p e r a t u r e  (or both fac to r s  s imul taneously)  
leads  to an i n c r e a s e  in ~2- as well  as a growth in the m a x i m u m  o f a  ~ a n d s h i f t s t h e p o i n t  k+ of the passage  f r o m  
the soft  to the ha rd  modes  of the loss  of  s tab i l i ty  into the domain of l a rge  va lues  of the number  k (smal l  wave-  

lengths).  

Se l f -osc i l la t ions  cor responding  to the magnet ic  s t r i a t ions  obse rved  in expe r imen t s  [9] occu r  in the soft  
mode of the loss  of s tabi l i ty .  The quest ion of  se lec t ing  the ampli tude of the s teady wave is an independent p rob -  
l em,  s ince ~ > 0 for  the whole wavelength range  in the soft  mode of the loss  of  s tabi l i ty .  In some  cases  the 
ampli tude of the s teady wave v is ib ly  depends on the kind of initial pe r tu rba t ion .  The ampli tude 6f the s teady 
wave is se lec ted  cor responding  to O~ma x, s ince the d e c r e m e n t  of the nonl inear  osc i l la t ions  vanishes  at this  
value.  It should be noted that  the wavelength cor responding  to the s teady  ampli tude does no t  co r respond  to that  
wave which f i r s t  loses  s tabi l i ty .  

This  is apparent ly  explained by the fact  that waves with min imal  l inear  and nonl inear  d e c r e m e n t s  can be 
dis t inct  in the subcr i t i ca l  domain.  Only waves  with a l inear  d e c r e m e n t  are  taken into account in a l inear  analy-  
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sis of the stabili ty.  In the pos t - c r i t i ca l  domain (the decrement  goes over  into an increment) a wave cor respond-  
ing to a nonlinear increment,  and not the wave which f i rs t  lost stabili ty according to the linear increment,  plays 
the main par t .  

83. The methods elucidated above for computing the neutral  curves and amplitudes of the se l f -osc i l la -  
tions can be used for  a qualitative explanation of experiments  [9-11]. An Ar  ~Cs p lasma placed between coaxial 
e lec t rodes  was studied in these exper iments .  The dimensions of the cathode and anode, and the height of the 
e lec t rodes ,  were 13.38 and 40 mm, respect ively .  The fract ion of the admixture var ied  between 0 .5 .10  -~ and 
0.5 �9 10 -4 and the e lec t ron tempera ture  var ied between 2000 and 4000~ For  the geometry  of the experiment,  
the smal l  pa ramete r /x  took on values f rom 10 -~ to 10 -2, while the wave number k varied between 1 and 10. 

The computations were per formed for the t empera tures  2000 and 4000~ and the following values of the 
admixture fraction for each tempera ture :  10 -3 , 10 -4 , and 10 -5 . 

Results of the neutral  curve computations are presented in Fig. 7: 1) T=2000"K, 5=10-4; 2-4) T=4000~ 
and 5 = ]0  -~, 10 -4, 10 -s, respect ively .  As is seen f rom Fig. 7, for the conditions of the experiments  [9-11], the 
p lasma went f rom the instability into the stabili ty domain with the diminution in the fraction of admixture and 
with the r i se  in t empera tu re ;  the instability domain occurs  at higher values of s  and the cr i t ical  value of the 
Hall pa r ame te r  shifts into the short-wavelength domain. 

Let  us compare  the neutral  curves  1 and 3 in Fig. 7. Both neutra l  curves were computed for 5 = 10 -4, 
but for different t empera tu res :  1) T=2000"K; 3) T=4000~ Points of minimum s  are denoted by a c i rc le ,  
and the point k~(o~ 2 =0) by a c ross .  Comparison shows that the minimum value of the Hall pa r ame te r  on the 
neutra l  curve :from the soft mode domain goes over  into the domain of the hard mode of the loss of stabili ty 
with the increase in t empera tu re  (k* is g rea te r  than k- for T=2000"K, while k + is below k- for T=4000~ ~2> 0 
f rom k* to k = 0  while ~2 <0 f rom k ~ and above). The computations confirmed that a t empera ture  r i se  result ing 
in an increase  in the degree of admixture ionization resul ts  in broadening the stability domain, especial ly for 
high wavelengths. 

It was detected in the exper iments  [10, 11] that saturat ion of the effective ga l l  pa rame te r  was never the-  
less  observed in the full ionization mode for the admixture.  The assumption that this effect can be explained 
by the presence  of a hypothetical  mierosca le  inhomogeneity, not r ecovered  by the instruments,  was expressed.  

However,  another explanation of the effect noted can be given. As the warming current  increases  (the 
fract ion of the admixture and the magnetic field are fixed), it is possible to go success ive ly  f rom the unstable 
domain with ~qt >~-  into the stable domain where ~21 <~-  (91 is some fixed value of the Hall parameter ) .  

Let  D 1 >fi- ; fluctuations are observed in the plasma.  As the temPera ture  (current) r i ses ,  ~ -  shifts to the 
right and upward f rom the origin,  as is seen in Fig. 7 (toward high values of both the magnitude of the cr i t ical  
value of the Hall p a r a m e t e r  and the magnitude of the wave number corresponding to 9- ) .  
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I f  the p a r a m e t e r  12-was in the domain of the soft  mode of the loss of s tabil i ty p r io r  to the heating, then 
as the t e mpe ra tu r e  r i s e s  ~2- can turn out to be in t h e d o m a i n  of the hard  mode of the loss of s tabi l i ty  (in this 
case a se l f -osc i l la t ing  mode exis ts  for  ~<  P- ) .  In this l a t t e r  case,  since the full ionization state of the admix- 
tu re  is achieved by a t rans i t ion  f rom the unstable domain, the fluctuations do not vanish at once. Although the 
t empera tu re  cor responds  to full ionization of the admixture and the corresponding Hall p a r a m e t e r  ~l  is less 
than the cr i t ica l  value ~ - ,  in this s tate ,  osci l la t ions which resu l t  in saturat ion of the effect ive Hall p a r a m e t e r  
can exist .  It is not excluded that the cha rac t e r i s t i c  wavelengths of the se l f -osc i l la t ing  mode which can occur  
in the subcr i t ica l  domain in this case were  not fixed in the exper iments  [10, 11]. If the appropriate  physical  
d iagram is t rue ,  the resu l t s  of the exper iment  will depend on how the full ionization mode of the admixture  is 
achieved (hys teres is  occurs) .  If the full- ionization mode of the admixture is achieved f rom the stable state in 
which there  are  no fluctuations, the effect ive p lasma p a r a m e t e r s  (conductivity and Hall pa ramete r )  should 
agree with the laminar  values.  If the full- ionization mode of the admixture is achieved f rom the state in which 
osci l la t ions exis t ,  the effect ive p a r a m e t e r s  can visibly differ  f rom the laminar  values.  

For  a more  detailed compar ison between computations and the exper iments  [10, 11], it is cer ta in ly  
n e c e s s a r y  to p e r f o r m  additional computations with more  exact  values of the t r ans fe r  coeff icients .  

The resu l t s  p resen ted  he re  have been obtained for  smal l  values of the superc r i t i ca l i ty  p a r a m e t e r ,  but, 
as has been shown in [12] even for  h igher  values of the superc r i t i ca l i ty  pa rame te r ,  ionization waves of finite 
amplitude - magnetic s t r ia t ions  - can exist .  Only when the second cr i t ica l  value exceeds  the Hall p a r a m e t e r  
does an ionization turbulence mode occur .  The model proposed by Landau for the origin of turbulence holds 
for  the s o f t m o d e  of the loss of stabil i ty.  As more  detailed investigations show, magnetic s t r ia t ions  can exis t  
even for modera te  values of the superc r i t i ca l i ty  p a r a m e t e r .  As the superc r i t i ca l i ty  p a r a m e t e r  increases  
fur ther ,  a modulation instabili ty of the magnetic  s t r ia t ions  s ta r t s  to develop. The mutual in te rac t ion  between 
the waves should be taken into account in the hard  mode of the loss of stabil i ty.  
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